Non-Hermitian parity-time (PT) symmetric systems that possess real eigenvalues have been intensively investigated in quantum mechanics and rapidly extended to optics and acoustics demonstrating a lot of unconventional wave phenomena. Here, a PT symmetric metamaterial beam is designed based on shunted piezoelectric patches and asymmetric wave scattering in the form of flexural waves is demonstrated through analytical and numerical approaches. The gain and loss components in the PT symmetric beam are realized by the introduction of negative and positive resistances into the external shunting circuits, respectively. Effective medium theory and transfer matrix method are employed to determine the effective material parameters and scattering properties of the PT symmetric metamaterial beam. Unidirectional reflectionlessness has been demonstrated analytically and numerically, together with illustrations of the PT phase transition and exceptional points. The tunability of exceptional points is studied by changing the spacing between piezoelectric patches and shunting circuit parameters. The design explores complex material parameters of the beam structure, and could open unique ways to asymmetric wave control, enhanced sensing, amplification, and localization of flexural waves. V C 2019 Acoustical Society of America. https://doi.org/10.1121/1.5116561 [JFL] Pages: 850-862
I. INTRODUCTION
Non-Hermitian parity-time (PT) symmetric systems that possess real spectrums have attracted a great deal of attention and been intensively investigated in quantum mechanics during the past two decades. 1, 2 Exceptional points (EPs) behaving as thresholds of phase transitions are of particular interest. For example, below the EP, the spectrum of the system is real, corresponding to the exact PT symmetric phase. On the contrary, beyond the EP, the system enters the PT broken phase where the spectrum becomes complex. 1 Owing to the similarity between Sch€ ordinger and Helmholtz equations, PT symmetric systems have been recently extensively studied in electromagnetic and acoustic devices, and paved the way to some fascinating and unconventional applications, such as sensors with extremely high sensitivity, 24, 26, 27 unidirectional cloaks 7, 20, 25 and robust wireless power transfer. 28 The key in designing acoustic and optical PT symmetric devices is to introduce balanced loss and gain components. In other words, the imaginary part of the refractive index is required to be an odd function in space, while the real part is even. [1] [2] [3] [4] [5] 7, 8, 12, 14 Based on this strategy, many interesting and unconventional wave phenomena have been demonstrated numerically and/or experimentally in optics and acoustics, such as asymmetric scattering, [3] [4] [5] 7, 9, 11, 12, 14, 16 negative refraction 18, 19 and coherent perfect absorber and laser. [21] [22] [23] Metamaterials are artificial structures with periodically or non-periodically arranged subwavelength units, which exhibit unusual properties beyond naturally occurring materials, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] providing an appealing solution to achieving loss and gain mediums for PT symmetric devices. In order to realize optical loss and gain components, active materials such as Fe-doped LiNbO 3 and InGaAsP have been utilized. 4, 15 In acoustics, leaky waveguides with multiple slits and active microphone arrays have been designed to access loss and gain. 14 In practice, gain components usually require active approaches, resulting in complex control systems. To circumvent this complexity, quasi-PT symmetric devices containing only passive loss components have been proposed. Even though those systems are not strictly PT symmetric, similar acoustic and optical asymmetric scattering phenomena can still be observed. 4, 5, 11, 16 Nevertheless, the study on non-Hermitian PT symmetry for elastic waves in solid media is still in the early stage. Piezoelectric materials have been regarded as one of the best candidates to achieve the elastic gain and loss because the energy conversion between mechanical and electrical domains can be controlled by electrical circuits in realtime. 33, 37, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] Piezotronics effect in piezoelectric semiconductors was first utilized to amplify and attenuate pressure waves in the PT symmetric elastic system, where the asymmetric scattering (or unidirectional reflectionlessness) has been proposed theoretically. 17 On the other hand, electricalcircuit-shunted piezoelectric ceramic materials have been extensively applied in vibration and wave attenuation applications for decades, where elastic energy can be transferred and absorbed by the shunted resistance. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] Very recently, a tunable PT symmetric elastic system with shunted piezoelectric materials has been investigated analytically for pressure waves. 42 With the help of the negative and positive shunting resistances together with inductance, balanced gain and loss can be built. a) Electronic mail: huangg@missouri.edu Here, we explore the PT symmetry in an elastic beam for flexural waves based on shunted piezoelectric patches. We first prove the PT symmetry condition for flexural waves, based on Euler's assumptions, also requires the balanced gain and loss. They are then realized with shunted negative and positive resistances, respectively, together with a negative capacitance. In particular, two analytical approaches, effective medium theory and transfer matrix method, are employed to determine effective material parameters and asymmetric scattering properties of the PT symmetric metamaterial beam. Numerical simulations are carried out to validate analytical predictions and demonstrate the asymmetric scattering phenomena. We also show that the unidirectional reflectionlessness originates from the PT phase transition or EPs. Furthermore, tunability of the EP is examined through selecting different spacing between piezoelectric patches and shunting circuit parameters. The design expands material parameters governing the propagation of flexural waves to the complex domain, and explores the asymmetric flexural wave scattering originating from the PT symmetry. This could open new pathways to applications such as asymmetric control, enhanced sensing, amplification and localization of flexural waves.
II. DESIGN AND ANALYSIS FOR PT SYMMETRIC METAMATERIAL BEAM

A. PT symmetry condition for flexural waves
To examine the exact PT symmetry condition for flexural waves propagating in the x-direction along a one dimensional (1D) thin beam, we consider Euler beam assumptions and the governing equation is written as
where wðxÞ, D eff ðxÞ, q eff ðxÞ and h b denote the displacement field of the flexural wave, effective bending stiffness, effective mass density and thickness of the thin beam. PT symmetry of Eq. (1) implieŝ
whereP andT are the parity and time reversal operators, respectively. Performing PT transformations in Eq. (2), the PT symmetry condition can be simply derived as
indicating that loss and gain of flexural waves should be balanced in space.
B. Design principles
Based on the condition illustrated in Eq. (3), Fig. 1 (a) shows the schematic of a PT symmetric beam for asymmetric scattering of flexural waves, where discrete loss and gain components are distributed along the beam in a manner that follows an odd function respect to a point. Without loss of generality, q eff is assumed as real values in the study. We focus on the physical realization of the complex effective bending stiffness to induce the loss and gain of flexural waves. For this purpose, two piezoelectric patches are bonded onto a host beam and each patch is shunted with a negative or positive resistant, (R sh or ÀR sh ), and a negative capacitor C sh connected in parallel [ Fig. 1(b) ]. In particular, the negative resistance, ÀR sh , aims to comprise the gain component, whereas the positive resistance, R sh , aims to constitute the loss component. The negative capacitance 51 is mainly responsible for amplifying the gain and loss effects and, at the same time, tuning the storage modulus. In general, both negative resistance and negative capacitance can be physically attained by negative impedance converters (non-Foster circuits) [insets of Fig. 1(b) ]. The resulted effective negative impedance can be analytically determined,
where Z denotes a positive electric impedance element. In our design, Z is a positive resistance R sh or a positive capacitance C 0 for the realization of a negative resistance ÀR sh or a negative capacitance C sh ¼ ÀC 0 , as illustrated by the insets of Fig. 1(b) . Note that the negative capacitance is technically not equivalent to the inductance. 42 Adding inductance to the shunting circuit will produce electrical resonance, which makes the resulted effective parameters and its related wave behavior highly frequency-dependent. On the other hand, using negative capacitance can prevent the frequency-dependency and achieve exceptional points at multiple frequencies in the PT symmetric beam. Since gain and loss components are purely controlled by shunting circuit parameters, the system designed possesses a huge potential for real-time and remote tuning of asymmetric scattering of flexural waves.
C. Analytical characterizations of the PT symmetric metamaterial beam
To characterize the asymmetric scattering of flexural waves with the PT symmetric metamaterial beam with shunted piezoelectric patches, the scattering matrix of a finite PT symmetric metamaterial beam is derived first based on the transfer matrix method (TMM) and its effective material parameters is then retrieved using the effective medium theory (EMT).
Plane stress assumptions are considered in the study. For the unit cell structure shown in Fig. 2(a) , thicknesses and lengths of the host beam and piezoelectric patches are denoted as h b , h p , and L b , respectively. The shunting impedance is represented by Z sh . Considering traction-free boundary conditions on top and bottom surfaces of the metamaterial beam, linear constitutive relations of piezoelectric patches can be simplified and written as 37,41,44
where S 1 and T 1 represent the normal strain and stress along the x-direction, respectively, and D 3 , and E 3 represent the electric displacement and electric field along the z-direction, respectively. s E 11 , d 31 ; and e T 33 are the compliance coefficient under constant electric field, dielectric constant under constant stress and piezoelectric coefficient, respectively. For the unit cell shown in Fig. 2(a) , the displacement field along the x-direction, u, can be assumed as the combination of the displacements at the mid-plane of the host beam in the form of
where u 0 represent the displacement along the x-direction. A linear electric field distribution and its corresponding electric potential are assumed as
where a, b, and c are the distribution functions which can be obtained through piezoelectric governing equations and electric boundary conditions. By combining Eqs. (5), (6) , and (7a) and considering the electrical governing equation @D 3 =@z ¼ 0, the distribution functions a, b, and c, and the electric potential on the upper electrode V upper can be determined, respectively, as 37
is the electro-mechanical coupling coefficient and the capacitance of the piezoelectric patch,
Integrating stress components over the thickness of the beam with respect to the mid-plane in the host beam, the bending moment, normal and shear forces in the unit cell can be obtained as 
and E denotes the Young's modulus of the host beam. Based on Eq. (9), equations of motion for coupled flexural and longitudinal waves are derived as
Here q b and q p are the mass density of the support beam and the piezoelectric material, which are given in Table I .
General solutions to Eq. (10) can be found as
A n e c n x ;
where A n are arbitrary constants, c n are the roots of the characteristic equations given by Eq. (10) 3443 e 0 electric potential on the upper electrode of the piezoelectric patch can be rewritten as
Similarly, for host beam sections without piezoelectric patches, longitudinal and flexural wave components are decoupled and can be simply written as 
To construct transfer matrices, a vector Y i ¼ ½w; @w=@x; M; T; u 0 ; N T is then defined where i ¼ b or p representing host beam sections or shunted piezoelectric beam sections, respectively. With the help of Eqs. (11)-(13), Eq. (9) can be written in the form of
where the characteristic matrix B i and the vector A i (i ¼ b or p) representing the complex wave amplitudes are shown in the Appendix. Based on Eq. (14) and applying continuity boundary conditions, the transfer matrix M i of the unit cell, where i ¼ G or L, is derived as
where P p is the propagation matrix of the shunted piezoelectric beam section (Appendix).
Then the global transfer matrix for an array of m unit cells illustrated in Fig. 2 
in which P b is the propagation matrix of the host beam sandwiched by the gain and loss sections, and is given in the Appendix. To obtain the scattering matrix, an incident flexural wave with unitary displacement amplitude is prescribed on the left or right background beams as ;
where the subscripts denote the incident direction, and the superscripts "e" and "p" represent the evanescent flexural and the propagating longitudinal waves, respectively. Here,
Solving the first, second, fourth, and sixth equations involved in Eq. (16) gives the scattering matrix
for flexural waves. Next, we determine the effective mass density q eff and effective bending stiffness D eff for the beam section with a shunted piezoelectric patch. 37 Note that the size of the unit cell should be sufficiently small compared to the wavelength in order for effective medium theory to work properly. For the unit cell structure shown in Fig. 2(a) , the physical quantities on the right edge (x ¼ L b ) are related to that on the left
in which the value of x in the schematic of the unit cell is set to be 0, and the transfer matrix reads
To determine the effective mass density, the transverse harmonic displacement field at the left (x ¼ 0) and right (x ¼ L b ) boundaries of the metamaterial unit cell is prescribed by W pr , where the rotational angle and longitudinal displacement is set to zero at these two boundaries. A commercial finite element software COMSOL Multiphysics is then used to solve the harmonic problem, and the reaction forces are calculated at boundaries. The effective mass density can be determined according to the following expression:
where T l denotes the calculated reaction force at the left edge of the unit cell.
To determine the effective bending stiffness, the harmonic rotational angles at the left (x ¼ 0) and right (x ¼ L b ) boundaries of the metamaterial unit cell are assumed as Àu pr and u pr , respectively. The transverse displacements are fixed at zero for both the boundaries. We release the longitudinal displacement at the boundaries on either one side or two sides (the longitudinal force is set to be zero) such that the global reaction bending moments on the boundaries can be naturally obtained with respect to the rotational center, where effects of the longitudinal displacement are decoupled. Specifically, the longitudinal displacement on the left boundary (x ¼ 0) of the unit cell is fixed and the longitudinal force on the right boundary (x ¼ L b ) is set to be zero, where the obtained reaction bending moment with respect to the rotational center can be used for the effective bending stiffness calculation. After solving the harmonic problem numerically, the effective bending stiffness can be determined according to the following equation:
where M ðrÞ represents the reaction bending moment. The explicit expressions of the effective parameters calculated from matrix operations are too complicated and impractical to be given here. In fact, solving matrix numerically for reaction force T l and the reaction bending moment M ðrÞ at boundaries of the unit cell is much easier. Note that, In the linear region, those reaction force and reaction bending moment are proportional to W pre and u pre , respectively. In light of this, effective properties are independent on the prescribed displacement/rotation, which is consistent with the effective medium theory.
In Sec. III, the effective material parameters obtained with the EMT will be compared with the numerically calculated ones for model validations. The results will demonstrate how the shunting circuits can realize desired loss and gain components for flexural waves. After that, the TMM will be used to characterize the scattering properties of the shunted piezoelectric metamaterial beam.
III. RESULTS AND DISCUSSIONS
In the study, the PT symmetric beam contains piezoelectric patches bonded on an aluminum beam. Half of them are shunted with negative capacitance and negative resistance connected in parallel with the shunting impedance Z sh ¼ ÀR sh =ðÀR sh ixC sh þ 1Þ to amplify waves, whereas the rest are shunted with negative capacitance and positive resistance connected in parallel with the shunting impedance Z sh ¼ R sh =ðR sh ixC sh þ 1Þ to attenuate waves. We define a N ¼ C sh =C p T to represent the shunted negative capacitance. The unit cells are arranged in the fashion that satisfies PT symmetry condition indicated in Fig. 1 .
A. Effective material parameters
To quantitatively characterize the PT symmetric beam, effective mass density and effective bending stiffness of the shunted piezoelectric beam section are calculated analytically based on Eqs. (19) and (20) and compared with numerical simulations in Fig. 3 . Material and geometric parameters used in the study are given in Table I . The negative capacitance ratio a N and the magnitudes of the positive/negative resistances are chosen to be À0.8 and 1000 X, respectively. Numerical simulations are conducted with COMSOL Multiphysics, where plane stress assumptions are applied. In the study, we employ a weak formulation on the upper boundary of the piezoelectric patch, where the electrical impedance is shunted. Implementing an external impedance to the electrode on the surface of the piezoelectric patch poses a constrain on the potential and free charge relation ð
where Q and V A denote the free charge density and the applied potential on the electrode. Therefore, the weak formulation on this boundary reads ð
As shown in Fig. 3(a) , the effective mass densities of the metamaterial beam, q eff , with both positive (denoted by "Loss" in the legend) and negative resistances (denoted by "Gain") are the same and nearly constant over the frequencies from 0.1 to 1 kHz. Note that imaginary parts of effective mass densities, q eff , are small enough to be negligible. In Figs. 3(b) and 3(c), the normalized effective bending stiffness of the metamaterial beam,
is the bending stiffness of the beam section without piezoelectric patch. D eff with positive and negative resistances are conjugate pairs, indicating that the storage stiffnesses are the same, while the loss stiffnesses are opposite, being able to compose balanced loss and gain units required by the flexural wave PT symmetry condition in Eq. (3) . It should be noted that the effective bending stiffness is frequency dependent thanks to the presence of the resistance in the shunting circuits. This can be easily checked with Eq. (12) . When only the capacitance appears in Z sh , x is cancelled. Whereas, in the presence of resistance, x cannot be cancelled anymore. In particular, the normalized storage stiffnesses are around 2.5 for the frequencies from 0.1 to 1 kHz, and the magnitudes of loss and gain stiffness gradually increase as the frequency increases from 0.1 to 1 kHz. Overall, good agreement between analytical and numerical results is clearly seen, validating the proposed EMT model. Note that small discrepancies of the effective mass density and effective bending stiffness can be attributed to the assumptions used in the analytical model such as linearized displacement and electric fields along the thickness direction.
To further characterize the effective bending stiffness of the metamaterial beam controlled by the shunting circuit, Figs. 4(a) and 4(b) show analytically calculated real and imaginary parts of the normalized effective bending stiffness by continuously changing the negative capacitance and the resistance. In the calculations, the frequency is selected as 0.5 kHz, and other parameters are left unchanged as those in Fig. 3 . Only positive resistance is used for loss characterizations. As illustrated in Figs. 4(a) and 4(b) , when R sh is sufficiently small, the shunting circuit is nearly shorted, producing nearly constant bending stiffness with zero loss, no matter what kinds of negative capacitances are used. By gradually increasing R sh , the effects of the negative capacitance become more prominent, i.e., the real part of the bending stiffness can be changed from positive to negative values near a N ¼ À0.89, and the loss is strong, which results in a large material mismatch with respect to the background medium. However, extremely large resistance will suppress the loss properties (not shown in the figure) , as an infinitely large impedance will make the circuit open, and only the negative capacitance is left. By changing the frequency to 1 kHz [Figs. 4(c) and 4(d)], both the real and imaginary bending stiffnesses are in the same patterns as those in Figs. 4(a) and 4(b), and only the gradients with respect to the circuit parameters become a little bit larger.
As can be found from Figs. 3 and 4 , the requirements on material parameters of the PT symmetric beam can be fully satisfied by the metamaterial with different shunting circuits, namely positive and negative resistances. In addition, the material parameters, including both the real and imaginary parts, can be flexibly tuned to extremely large regions through the circuit control. 
B. Scattering matrix
To characterize wave transmission and reflection properties of the PT symmetric metamaterial beam, one pair of loss and gain components is first considered and illustrated in Fig. 5(a) . The design contains two piezoelectric patches. Each of them is connected with a negative capacitance and a positive/negative resistance in parallel. The transmission and reflection coefficients are calculated analytically and numerically and shown in Figs. 5(b)-5(d) . In analytical calculations, the TMM is applied. In numerical simulations, two perfectly matched layers (PMLs) are attached to the two ends of the host beam to suppress boundary reflections, and other boundaries are left free, as shown in the top panel of Fig. 6 . To generate propagated flexural waves, a point load is applied on the host beam on the left or right side of the sample. In the study, L b ¼ 45 mm, and the distance between the two patches, L, is selected as 200 mm. Other geometric and material parameters used in the calculations are the same as those used in Fig. 3 . The negative capacitance ratio a N and the magnitudes of the positive/negative resistances are chosen to be À0.855 and 1900 X, respectively. As shown in Figs. 5(b)-5(d), good agreement can be found between the TMM and numerical simulations. Figure 5(b) shows the amplitude of transmission coefficient jtj for the incidences from the left and right sides of the PT symmetric beam.
Since the PT symmetric beam does not break reciprocity, the transmission coefficients jtj are identical for the two incidences. For the case studied in Fig. 5(a) , transmission amplitudes fluctuate around 1 from 0.1 to 1 kHz. It is interesting to note that the reflection coefficients jr r j and jr l j for the incidences from the left and right sides of the PT symmetric beam are asymmetric, i.e., their amplitudes shown in Figs. 5(c) and 5(d) are not equal. In particular, several zero reflection points (dips) are clearly seen in the figures when the flexural wave is incident from one direction, whereas the reflection is non-zero when incident from the other direction, indicating unidirectional reflectionlessness (reflection is zero for the incidence from one side, while the reflection is nonzero when incident from the other side, which is different from the unidirectional transmission). To see the unidirectional reflectionlessness, flexural wave field, jwj, from numerical simulations at two of those unidirectional reflectionlessness points (706 and 805 Hz) are presented in Fig. 6 . The figures are stretched vertically to help see the field distributions more clearly. As shown in the figures, when the incident frequency is selected at 805 Hz, no reflection is found for the flexural wave incident from the right, whereas the reflection is clearly seen for the flexural wave incident from the left, where interference patterns are produced. However, when the incident frequency is selected at 706 Hz, no reflection is found for the incidence from the left, whereas the reflection is clearly seen for the incidence from the right. Similar wave phenomena can also be found at 202, 310, and 435 Hz, which are not shown in the figure. In addition, it can be found from Fig. 6 that the transmission is unitary at those unidirectional reflectionlessness points (green dashed lines at 706 and 805 Hz), making the PT symmetric beam perfectly transparent. This property can be applied in designing oneway cloaks of flexural waves. 7, 20, 25 In addition to the unique features in amplitudes of transmission and reflection coefficients, their phase angles also present interesting properties that are shown in Fig. 7 . It can be found from the figure that the phase differences between transmission and reflection coefficients are always p/2, and the two reflection coefficients are either in phase or out of phase. The transition points are exactly at the unidirectional reflectionlessness points in Fig. 5 . When the two reflections are in-phase, jtj is less than 1. Whereas, when they are outof-phase (shaded areas), jtj is greater than 1. To gain more insights into the transmission and reflection coefficients, the generalized conservation law of the PT symmetric beam is derived. Thanks to the PT symmetry, the transfer matrix must satisfy 22, 29 
From Eq. (23), the generalized conservation law can then be derived, 29
in which T ¼ jtj 2 , R L ¼ jr l j 2 and R R ¼ jr r j 2 denote transmittance, left and right reflectance, respectively. According to Eq. (24), when T < 1, T þ ffiffiffiffiffiffiffiffiffiffi ffi R R R L p ¼ 1, the net dissipation or amplification in the PT symmetric beam is zero, considering the same two incidences from the right and left sides of the PT symmetric beam. On the other hand, when T > 1, the transmitted power is always greater than the input power, and T À ffiffiffiffiffiffiffiffiffiffi ffi R R R L p ¼ 1. Furthermore, at the unidirectional reflectionlessness points, the transmittance must be equal to 1 [Eq. (24) ], which coincides with the findings in Fig. 5 . There also exist several points where R L ¼ R R accidentally occurs. We notice in Fig. 5 that those points with R L ¼ R R can be in regions where T < 1 (0.233 and 0.51 kHz) and regions where T > 1 (0.375 and 0.766 kHz).
To characterize the properties of PT symmetric beam, eigenvalues s 1;2 and corresponding eigenvectors S 1;2 of the scattering matrix are calculated analytically and shown in Fig. 8. Figures 8(a) and 8(b) present amplitudes and phases of the two eigenvalues, respectively. Compare with Fig. 5 , when T < 1, the amplitudes of the two eigenvalues are unitary [js 1;2 j ¼ 1 in Fig. 8(a) ]. Whereas, when T > 1, the amplitude of one of the eigenvalue is less than 1, while the amplitude of the other one is greater than 1 (shaded area). It is important to notice that the two eigenvalues coalesce (both the amplitudes and the phases are equal) at the unidirectional reflectionlessness points. In Figs. 8(c)-8(f), the real and imaginary parts of the first and second components of the two eigenvectors are shown. At the unidirectional reflectionlessness points, the two eigenvectors coalesce again, indicating that the unidirectional reflectionlessness points of the non-Hermitian PT symmetric beam are exceptional points (EPs), where only one possible state exists. In addition, when the amplitudes of two eigenvalues are unitary, the two eigenvectors satisfyPT S 1;2 ¼ 6 S 1;2 , which corresponds to the PT exact phase. On the other hand, when the amplitudes of two eigenvalues are not unitary,PT S 1;2 ¼ 6 S 2;1 , corresponding to the PT broken phase. The phase transition points are exactly the EPs or the unidirectional reflectionlessness points. Furthermore, the unidirectional reflectionlessness observed in Fig. 5 can also be explained by the eigenvectors. For instance, considering the EP at 0.435 kHz [green dots in Figs. 8(c)-8(f)], the first components of the two eigenvectors are zero, indicating that the reflection for the right incidence is zero, which agrees with the reflection coefficients in Fig. 5(d) .
C. Tunability of the PT symmetric metamaterial beam
In this section, we show the tunability of EPs by changing the spacing between the two piezoelectric patches ( Fig. 9 ) and implementing different circuit parameters, i.e., resistance and capacitance (Fig. 10 ). In the figures, the quantity log 10 ðR L =R R Þ characterizing the asymmetric reflection is calculated. As a result, small or large values will represent the unidirectional reflectionlessness points or the EPs.
The two reflection coefficients with different distances between the two piezoelectric patches, L, are calculated analytically and shown in Fig. 9 . It can be seen that when L ¼ 0, only two EPs (one dip and one peak in the blue curve) are observed at the frequencies between 0.1 and 1 kHz. Increasing L, the frequencies of EPs as well as the frequency difference between EPs are decreased such that the EPs are tuned to different frequencies. Here, the EPs can be regarded as anisotropic transmission resonances with unitary transmission and asymmetric reflection. 29 Increasing the length therefore reduces the resonance frequencies. In particular, when L ¼ 400 mm, nine EPs are found at the frequencies between 0.1 and 1 kHz.
In Fig. 10 , the frequency tunability of the EP is demonstrated by continuously changing the negative capacitance and the negative and positive resistance. Figure  10(a) shows the ratio log 10 ðR L =R R Þ by continuous increasing R sh , where a N ¼ À0.855. Six EPs are clearly seen, when R sh is less than 7 kX. By increasing R sh , the frequencies of the two EPs near 400 and 800 Hz diverge and then become gradually closer. A new EP emerges between the other two EPs near 200 Hz, when R sh is greater than 7 kX. The frequency tunability become negligible for R sh greater than 7 kX. In Fig. 10(b) , R sh is selected as 10 kX, and a N is modulated from À1 to À0.5. As shown in the figure, when a N is less than À0.8, the EPs can be tuned across nearly the entire frequency range of interest. Whereas, with a N greater than À0.8, they become convergent and lack tunability, which is due to the small variation of the modulus within this range. Note that the two kinds of EPs cross around a N ¼ À0:92, where the modulus has a pole with changes to the negative capacitance. Based on the results demonstrated in Fig. (10) , both the frequency and reflection bias ratio of EPs can be flexibly tailored by properly selecting the shunting circuit parameters.
IV. CONCLUSION
In conclusion, we propose a non-Hermitian PT symmetric beam based on shunted piezoelectric patches. The realization of gain and loss components relies on the introduction of negative and positive resistances and the negative capacitance into external shunting circuits. Asymmetric flexural wave scattering is investigated analytically and numerically with the focus on the unidirectional reflectionlessness. The scattering matrix and its eigenvalues and eigenvectors are studied in detail for the analyses of exact and broken PT phases. EPs are then identified at the unidirectional reflectionlessness points. Last, the tunable EPs are demonstrated through varying the spacing between the piezoelectric patches and the shunting circuit parameters. This design could be promising in various applications, such as asymmetric wave control, enhanced sensing, amplification, and localization of flexural waves. 
APPENDIX
Some of the matrices and vectors in the theoretical section of the main text are shown below in detail: ;
(A1) where a 1n ¼ 1; a 2n ¼ c n ; a 3n ¼ Ic 2 n À Jb n c n À FV upper e Àc n x ; a 4n ¼ Ic 3 n À Jb n c 2 n ; a 5n ¼ b n ; a 6n ¼ Kb n c n À Jc 2 n þ GV upper e Àc n x :
In Eq. (15) , B b reads 
In Eqs. (16) and (17), the propagation matrices are defined as :
(A6)
